Abstract. Upon prior investigation on statistical convergence of fuzzy sequences, we study the notion of pointwise αβ-statistical convergence of fuzzy mappings of order γ. Also, we establish the concept of strongly αβ-summable sequences of fuzzy mappings and investigate some inclusion relations. Further, we get an analogue of Korovkin-type approximation theorem for fuzzy positive linear operators with respect to αβ-statistical convergence. Lastly, we apply fuzzy Bernstein operator to construct an example in support of our result.
Introduction
The concept of statistical convergence for sequence of real numbers was defined by Fast [8] and Steinhaus [24] independently in 1951. Statistical convergence has recently became an area of active research. Over the years, researchers in statistical convergence have devoted their effort to approximation theory, Fourier analysis, number theory, measure theory, trigonometric series and Banach spaces [4, [15] [16] [17] [18] . It is wellknown that every convergent sequence is statistically convergent but converse is not always true. Also, statistically convergent sequence do not need to be bounded. So, this type convergence is quite effective in approximation theory. First we recall the following definitions:
Let K be a subset of N, the set of natural numbers and K n = {k ≤ n : k ∈ K}. The natural density of K is defined by δ(K) = lim n 1 n |K n | provided it exists, where |K n | denotes the cardinality of set K n . A sequence x = (x k ) is called statistically convergent (st−convergent) to the number , denoted by st − lim x = , for each > 0, the set K = {k ∈ N : |x k − | ≥ } has natural density zero, that is lim n→∞ 1 n |{k ≤ n : |x k − | ≥ }| = 0.
(ii) β(n) ≥ α(n), (iii) β(n) − α(n) −→ ∞ as n −→ ∞.
Here, the set of pairs (α, β) satisfying (i)-(iii) will be denoted by Λ. For each pair (α, β) ∈ Λ, 0 < γ ≤ 1 and K ⊂ N, we define the density δ α,β (K, γ) in the following way
A sequence x = (x k ) is said to be αβ−statistically convergent of order γ to the number , if, for each > 0, − lim x = . Recently, Karakaya and Karaisa [13] have introduced weighted αβ−statistical convergence of order γ, and proved Korovkin type approximation theorems through the weighted αβ−statistical convergence. Very recently, Kadak [9] have introduced the concept of weighted statistical convergence involving αβ−statistical convergence based on (p, q)-integers.
In this study, we introduce the notions of pointwise αβ-statistical convergence of order γ and strongly pointwise ω αβ γ,p (F)-summability (p ∈ (0, ∞)) of fuzzy mappings. Furthermore, we establish some inclusion relations and some related results using newly proposed methods. Based on αβ−statistical convergence, some applications are investigated to obtain fuzzy Korovkin type approximation results.
Preliminaries, Background and Notation
In this section, we give some basic notations and fundemental results related to the fuzzy numbers which will be used in this article.
A fuzzy number is a fuzzy set on the real axis, i.e., a mapping u : R → [0, 1] which satisfies the following four conditions: (i) u is normal, i.e., there exists an x 0 ∈ R such that u(x 0 ) = 1.
(ii) u is fuzzy convex, i.e., u[λx + (1 − λ)y] ≥ min{u(x), u(y)} for all x, y ∈ R and for all λ ∈ [0, 1].
(iii) u is upper semi-continuous.
(iv) The set [u] 0 = {x ∈ R : u(x) > 0} is compact, (Zadeh [26] ), where {x ∈ R : u(x) > 0} denotes the closure of the set {x ∈ R : u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E 1 and called it as the space of fuzzy numbers.
The set [u] λ is closed, bounded and non-empty interval for each λ ∈ [0, 1] which is defined by [u] 
. R can be embedded in E 1 , since each r ∈ R can be regarded as a fuzzy number r defined by (iii) The functions u − and u + are right continuous at the point λ = 0.
Conversely, if the pair of functions u − and u + satisfies the conditions (i)-(iv), then there exists a unique u ∈ E
The fuzzy number u corresponding to the pair of functions u − and u + is defined by u :
Let u, v, w ∈ E 1 and α ∈ R. Then the operations addition, scalar multiplication and product defined on E 1 by
where it is immediate that
. Now, we can define the metric D on E 1 by means of the Hausdorff metric d as
It is noticed that (E 1 , D) is complete metric space (see [22] ). Let f, : [a, b] → E 1 be fuzzy number valued functions. Then the distance between f and is given by
Fuzzy Summability Results
In this section, we define pointwise αβ-statistical convergence and strongly pointwise ω αβ γ (F)-summability with γ order for fuzzy mappings. Also, we examine some inclusion relations and some summbability results for our new methods. Definition 3.1. Let (α, β) ∈ Λ and γ ∈ (0, 1]. A sequence (u k ) of fuzzy numbers is said to be pointwise αβ-statistically convergent of order γ to a fuzzy number ∈ E 1 , on a set H, and denoted by st
, (x)) ≥ ε for all x ∈ H}. For γ = 1, we write that u is pointwise αβ-statistically convergent to , and denoted by st
That is, for every ε > 0, we may write
where
The set of all αβ-statistically convergent sequences of fuzzy numbers of order γ will be denoted by S α,β γ (F). In particular, by taking into account Definition 3.1 we give the following special cases:
In this case, pointwise αβ-statistically convergence is reduced to ordinary statistical convergence of fuzzy numbers with γ order . Similarly take γ = 1, then αβ-statistically convergence reduces to the ordinary statistical convergence of fuzzy numbers given in [20] .
(b) Given non-decreasing sequence (λ n ) of positive real numbers such that lim n λ n = ∞,
Then, if we take α(n) = n−λ n +1, β(n) = n and γ ∈ (0, 1], pointwise αβ-statistically convergence reduces to the λ-statistical convergence of order γ of fuzzy numbers defined by [6] . Analogously, take γ = 1 this convergence reduces to the λ-statistical convergence of fuzzy numbers defined by [23] .
(c) Let θ = (k r ) be a lacunary sequence. If we take α(r) = k r−1 + 1, β(r) = k r and γ ∈ (0, 1], pointwise αβ-statistically convergence can be expressed by lacunary statistical convergence of order γ of fuzzy numbers. Similarly, choose γ = 1, this convergence reduces to the lacunary statistical convergence of fuzzy numbers defined by [21] .
Lemma 3.2.
(see [1] ) Given two subsets K and M of natural numbers and 0 < γ ≤ η ≤ 1. The following statements hold;
Lemma 3.3. Suppose that the sequence u = (u k ) of fuzzy numbers converges to ∈ E 1 in the ordinary fuzzy sense, then st
Proof. The proof is straightforward, hence is omitted.
Definition 3.4. Let (α, β) ∈ Λ and γ ∈ (0, 1]. Then a sequence u = (u k ) of fuzzy numbers is said to be pointwise αβ-statistically Cauchy of order γ, if there exists a natural number N = N(ε) such that
for every ε > 0.
Definition 3.5.
A sequence u = (u k ) of fuzzy numbers is said to be strongly pointwise αβ-summable of order γ if there is a fuzzy number such that
where p is positive real number and γ ∈ (0, 1]. The number is unique when it exists. By ω αβ γ,p (F), we denote the set of all strongly pointwise αβ-summable of fuzzy sequences of order γ. In this case, we write ω
Lemma 3.6. Let (α, β) ∈ Λ and γ ∈ (0, 1]. Given two sequences (u k ) and (w k ) of fuzzy numbers and u 0 , w 0 ∈ E 1 .
Proof. (a) It is obvious that this case holds for c = 0. Assume that c 0, then the following inequality holds:
We derive by passing to the limit in (3) as n → ∞ that
Hence st
(b) Let us assume that st
Therefore, we obtain
Similarly, by passing to the limit in (4) as n → ∞ we get st
Theorem 3.7. Let γ, η be real numbers such that 0 < γ ≤ η ≤ 1 and 0 < p < ∞. Then, we have ω
Using (5), we obtain
Theorem 3.8. Let (α, β), (ψ, ξ) ∈ Λ such that ψ(n) ≤ α(n) and β(n) ≤ ξ(n) for all n ∈ N, and 0 < γ ≤ η ≤ 1.
Proof.
(a) Since ψ(n) ≤ α(n) and β(n) ≤ ξ(n) for all n ∈ N, we have
By our assumption, we get β(n) − α(n) + 1 ≤ ξ(n) − ψ(n) + 1 for all n ∈ N. Using this fact, one can see that
for each x ∈ H. Taking the limit of both sides of the aforementioned inequality as n −→ ∞ and by (6), we have S
γ (F) and (7) be satisfied. As ψ(n) ≤ α(n) and β(n) ≤ ξ(n) for all n ∈ N, we obtain
Taking the limit of both sides of above inequality as (n → ∞) and using (6), st
η (F). This step concludes the proof. Theorem 3.9. Let (α, β), (ψ, ξ) ∈ Λ such that ψ(n) ≤ α(n) and β(n) ≤ ξ(n) for all n ∈ N, and 0 < γ ≤ η ≤ 1. 
Proof.
(a) We can prove this part in a similar way used in the proof of Theorem 3.8(a).
γ,p (F) be bounded sequence of fuzzy mappings on H and (7) holds. Since (u k ) is bounded sequence of fuzzy mappings on H, then there exists some M > 0 such that D(u k (x), (x)) ≤ M for all k ∈ N and x ∈ H. For a given > 0, we obtain
Since u ∈ ω αβ γ,p (F), by passing to the limit as n → ∞ in the last inequality and by (7) we get u ∈ ω Theorem 3.10. Let (α, β), (ψ, ξ) ∈ Λ such that ψ(n) ≤ α(n) and β(n) ≤ ξ(n) for all n ∈ N, and 0 < γ ≤ η ≤ 1.
(a) Let (6) holds, if a sequence u = (u k ) of fuzzy numbers is strongly pointwise ψξ-summable to ∈ E 1 it is pointwise αβ-statistically convergent of order γ to the same limit .
(b) Let (7) holds and (u k ) be a bounded sequence o fuzzy numbers, then if a sequence is pointwise αβ-statistically convergent of order γ to the fuzzy limit , then it is strongly ψξ-summable to the same limit .
i.e. if (u k ) ∈ ∞ (F) and st
Proof. (a) Let the condition (6) holds and ω ψξ η,p (F) − lim u k = . Given a sequence (u k ) of fuzzy numbers and ε > 0, we have
Therefore, we obtain that
for each x ∈ H. By passing to the limit as n → ∞ in the last inequality and by (6), we obtain st
(b) Consider st αβ γ (F) − lim u k = where (u k ) is bounded and (7) holds. Then there exists some
holds. Then, L is said to be fuzzy positive linear operator if it is fuzzy linear and L( f ; x) L( ; x) holds whenever for f, ∈ C F [a, b] and x ∈ [a, b], f (x) (x). Throughout the paper we use the test functions 
Similarly one can prove αβ fuzzy statistical version of Theorem A. Now, we prove the following stronger version of Theorem A with the help of fuzzy αβ-statistical convergence. 
Then, for all f ∈ C F [a, b], we have
. By fuzzy continuity of f at x, it follows that, for given ε > 0, there exists δ such that for all t ∈ [a, b]
Since f is fuzzy bounded, we get | f
By using (10) and (11), we have
This implies that
By using the positivity and linearity of { T k }, we get
2 where x is fixed and so f ± λ (x) is constant number. Therefore,
On the other hand
Then, we get
Let us compute second moment
Using above equality, one can see that
Because of ε is arbitrary, we obtain
and taking supremum over x ∈ [a, b] in the last inequality, we get
Besides, it follows from (8) that
From (12) and (13), one can see that
For a given ε > 0, choose a number ε > 0 such that ε < ε . Then, setting
. Thus, by condition (9), we obtain st
We remark that our Theorem 4.1 is stronger than that of Theorem A. For this purpose, we consider the following example:
Let the sequence v = (v k ) of fuzzy numbers defined by
where (β(n) − α(n) + 1) γ/2 is the first integer in [α(n), β(n)]. Considering the sequence of fuzzy Bernstein operators Considering the sequence { M k } of positive fuzzy linear operators given by
Using the facts that M k ( f However, the fuzzy sequence (v k ) k≥1 defined (14) is not fuzzy convergent, the sequence {M F k ( f, x)} k≥1 given by (15) does not satisfy the Theorem 4.1 for all f ∈ C F [0, 1].
Concluding Remarks
In this article, certain results on statistical convergence of fuzzy mappings have been extended to the αβ-statistical convergence of order γ. Given results in this article not only generalize the earlier works done by several authors [7, 10, 11, 13, 21] but also give a new perspective concerning the development of statistical convergence of fuzzy mappings and Korovkin type approximation theorems for fuzzy positive linear operators. As a future work we will study the rates of αβ-statistical fuzzy convergence of the operators by means of the fuzzy modulus of continuity.
